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The mean value theorem asserts that whenever a function f is well behaved on an interval 
(zo, zi], there is a point z, inside (zo, zr), satisfying 
It is well known that if f is a quadratic polynomial then z = v (51. This result 
has been called the mean mean value theorem. 
It is also known that if 
for all zo, 21, then in fact f is a quadratic polynomial. (See [1],[4] and [6].) The purpose of 
this note is to show that there is a rather natural extension of these results to polynomials 
in general. 
First recall that we define f[zo] = I, f[zo,z~] = "","~I~~"", and inductively for 
Then, for well behaved functions, we have 
f[ ~O,~l,...,Gl] = ;f’“‘(z) 
where z is between min{zo, 21,. . . ,z,} and max{zo,zl,. . . ,z,} [3]. This fact, together 
with the foregoing discussion, leads one naturally to conjecture the following. 
THEOREM 1. If f is a polynomial of degree at most n + 1, then 
f[XO,%...,&] = ;f(=’ ( x0 + Xl + . . . + 2, 
n+l >* 
The proof is made up of two lemmas and an observation. 
Lemma 1. If sf denotes the function which assigns to each z the value zf (z), then 
(Zf)(20,21,...,5,,Z,+1 I= f[ ZO,Zl,***, %I + %+1f bO,Zlr 22,. * *, %+I]. 
The proof of Lemma 1 is by straightforward induction, and its use allows an inductive 
proof of Lemma 2 below. 
Lemma 2. If f(x) = xn+‘, we have f [x0, x1,. . . , xn] = x0 + x1 + . + z,_l + xn, 
fl ~o,~l,~**,%,%+l ] = 1 and for p > 1, f [x0, xl,. . .,x,, . . . , z,,+r] = 0. 
Now notice that: 
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(i) If j(x) = xn+l, 
D.F. BAILEY; G.J. FIX 
if’“’ ( x0 + Xl + 22 + . . . + x, n+l ) = x0 + Xl + x2 + ’ ’ * + x, = f [x0, Xl,. . . , G]. 
(ii) If f(z) = P, 
$ftn’ ( x0 +x1 + x2 + .-.+ xn 
> 
= 
n+l 
l= f[XO,~l,.*.,Xn]. 
(iii) If f(x) = xnSp (1 5 p 5 n), 
if@) ( 
x0 + x1 + * . * + 2, 
n+l > 
=o= f[xo,x1,..., x*1. 
Since the operations of forming divided differences and differentiation 
remarks (i), (ii) and ( iii complete the proof of Theorem 1. ) 
Of course one also suspects that the inverse of Theorem 1 should hold 
the case as we demonstrate below. 
are both linear 
as well. This is 
THEOREM 2:. Let k be a positive integer. Suppose f has k + 2 continuous derivatives 
in an interval (with positive length) and 
f[ x0,x1,"' ,xk]= 
;f(k)~xO+x;~;~+xk~ 
(1) 
for all points {xi}$,oin the interval. Then f is a polynomial of degree at most k + 1 in 
this interval. 
The proof of Theorem 2 requires the following lemma which gives a representation of 
the divided differences on a uniform grid in terms of the function values. It is established 
by an elementary induction. 
Lemma 3: Let 
k!hk f [x, x + h, . . . ,x-t kh] = &jL’f(x+jh). 
j=O 
Then 
a0 
(1) = -1, &) = 1 
and 
aj ck) = aiE;1) - ai!-1) for k = 2,3,. . . 
(2) 
(3) 
(4 
where we have set a, (‘1 = 0 if t < 0 or t > 1. 
Corollary: For j = 0,. . . , k and k = 1,2,. . . 
(k) = k aj 0 j (-l)j+k 
where (5) is the binomial coefficient. Thus 
h”k!f [x, x + h, +. . ,x+kh] = 2 (F)(-l)jikf(2+jh)- 
j=O 
(5) 
(6) 
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Returning to the proof of Theorem 2, we now center the relations (1) 
change of variables 
kh 
Y =2+2, d = h/2. 
This in effect replaces z with x - 9 and h with 2h. Thus equations (1) 
and (6) by the 
and (6) yield 
(2h)k(Dkf)(x) = 2 (,“> (-l)“+jf(x + 23’h - kh) 
j=O 
Differentiating k + 2 times with respect to h and then setting h = 0 gives 
(-l)k+j(2j - k)k+2 (D2k+2f)(x). 
(7) 
(8) 
Fortunately the first term in the product above can be summed exactly as follows. 
(-l)j(k - 2~.)“+~ 
and expanding (k - 2j)k+2 gives 
g (5) (-l)‘g (” T ‘) kf(-2j)k+2-’ = 
%k+2) 1 
,+2)k+2--[ 
I=0 
(9) 
Now the last factor on the right hand side of (9) is zero except when 1= 0, 1,2. In these 
cases the sum is given by 
(-1) 
k k(k + l)(k + 2)(3k + 1) k, 
24 
*> 
(-1) 2 * kk(k+l)l;, and 
(-l)kk! respectively. 
(These results are obtained by repeatedly differentiating the expansion 
(x - 1)” = 2 c> (-1)“~jxj 
j=O 
and multiplying the resulting equation by x. When the desired power of j has been thus 
obtained, one substitutes x = 1 to find the required summation.) Substitution of these 
values in equation (9) gives 
k 
c(> 
'c (_l)k+j(2j _ k)k+2 = k(k+82)!2k, 
+o 3 
Since this is clearly not 0 it follows from equation (8) that 
(D s”+“j)(x) = 0. 
Since I is arbitrary, the result follows. 
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